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The radiation pressure induced coupling between an optical cavity field and a mechanical oscillator
can create entanglement between them. In previous works this entanglement was treated as that of
the quantum fluctuations of the cavity and mechanical modes around their classical mean values.
Here we provide a fully quantum approach to optomechanical entanglement, which goes beyond the
approximation of classical mean motion plus quantum fluctuation, and applies to arbitrary cavity
drive. We illustrate the real-time evolution of optomechanical entanglement under drive of arbitrary
detuning to show the existence of high, robust and stable entanglement in blue detuned regime, and
highlight the quantum noise effects that can cause entanglement sudden death and revival.
PACS numbers: 03.65.Ud, 03.65.Ta, 05.40.Jc, 42.50.Xa
I. INTRODUCTION
The study of optomechanical systems (OMS) has un-
dergone rapid development over the recent years [1–3].
The quantum level of OMS has been reached in exper-
iments [4–9]. Entanglement is a particularly striking
quantum feature. The coupling of the cavity field of an
OMS to the mechanical oscillator under radiation pres-
sure can lead to their entanglement. This mesoscopic
or macroscopic entanglement possesses both fundamen-
tal interest and potential applications.
Theoretically an OMS is often approached via the ex-
pansion of its fluctuations about the mean values of the
cavity and mechanical mode operators, where these mean
values are determined by the classical equations of mo-
tion. This approximation of replacing a quantum system
operator with the sum of a classical value and the accom-
panying quantum fluctuation has been widely applied to
generic nonlinear quantum systems whose Heisenberg-
Langevin equations are not analytically solvable [10].
Most previous studies of optomechanical entanglement
(see, e.g. [11–19]) concern that of the fluctuations around
the steady state solution of the classical Langevin equa-
tions under continuous-wave (CW) drive. Some other
FIG. 1: (color online) Setup for coupling the cavity field aˆ(t)
with the quantum mechanical oscillator. The cavity field
build up by the drive E(t) is entangled with the mechani-
cal oscillator, which is initially in thermal equilibrium with
its environment, via their effective coupling described by the
Hamiltonian −√2gxˆmaˆ†aˆ.
works have considered the entanglement under periodic
[20–22] or pulsed drive [23]. A common feature of these
treatments is that the linearized dynamics about the fluc-
tuations is based on a specific classical mean motion as
the background, and the entanglement of the fluctuations
can be closely connected to the classical motion of OMS
[24]. However, the classical motion of an OMS can be
chaotic [25], so it is not always possible to quantify this
entanglement of fluctuations [24].
Very recently several quantum features of OMS have
been studied in considerable detail. This research in-
cludes OMS dynamics under single photon drive [26–30],
control and generation of OMS quantum states [31–36],
enhancement of OMS nonlinearity for quantum informa-
tion processing [37–40] and other quantum properties of
OMS [41, 42]. These studies consider the quantum states
associated with the cavity mode aˆ and mechanical mode
bˆ themselves, as in Fig. 1, instead of those for their fluc-
tuations. Starting from a separable quantum state of the
cavity and mechanical mode, the optomechanical cou-
pling can entangle them to an entangled quantum state.
The less unexplored entanglement of such fully quantum
OMS, which is independent from classical motion, is the
theme to be discussed below. Notice that this type of
entanglement was also recently discussed in a different
approach [43], which works with the numerical simula-
tion based on the approximate Fokker-Planck equation
to find the entanglement signature and other properties.
This paper is organized as follows. In Sec. II, we dis-
cuss the dynamics about the OMS in strong drive and
weak coupling regime. In this regime the quantum states
of an OMS keep to be Gaussian. The real-time evolution
and quantum noise effect on the entanglement of such
Gaussian states are studied with examples in Sec. III.
Then we present a rather detailed discussion about the
difference between our concerned entanglement and that
of the cavity and mechanical fluctuation in Sec. IV. The
conclusions from our study are given in the final section.
2II. DYNAMICS UNDER STRONG DRIVE AND
WEAK COUPLING
We consider an OMS driven by a pulsed drive with the
central frequency ω0 and arbitrary frequency distribution
E(ω−ω0). Its profile E(t)eiω0t in time domain is related
to E(ω−ω0) by the Fourier transform. The drive reduces
to a CW one when E(t) is constant. Without cavity and
mechanical damping, one has the unitary evolution oper-
ator U(t, 0) = exp{−iH0t}T exp{−i
∫ t
0 dτHS(τ)} for the
OMS, where H0 = ωcaˆ
†aˆ + ωmbˆ†bˆ (h¯ ≡ 1) describes the
cavity and mechanical oscillation with their frequency ωc
and ωm, respectively, and
HS(t) = −
√
2g{cos(ωmt)xˆm + sin(ωmt)pˆm}aˆ†aˆ
+ iE(t)(aˆ†ei∆0t − aˆe−i∆0t) (1)
inside the time-ordered exponential is the system Hamil-
tonian in the interaction picture with respect to H0,
which is obtained by the transformation HS(t) =
eiH0tH(t)e−iH0t on the Hamiltonian H(t) = −g(bˆ +
bˆ†)aˆ†aˆ + iE(t)(aˆ†e−iω0t − aˆeiω0t) of the OMS. In the
above equation, g is the optomechanical coupling con-
stant, and ∆0 = ωc − ω0 is the detuning of the drive’s
central frequency from the cavity frequency. The dimen-
sionless mechanical coordinate operator and mechanical
momentum operator are defined as xˆm = (bˆ + bˆ
†)/
√
2
and pˆm = −i(bˆ − bˆ†)/
√
2, respectively. The cavity (me-
chanical) damping at the rate κ (γm) can be described in
terms of a linear coupling between the cavity (mechani-
cal) mode with the stochastic Langevin noise operator ξˆc
(ξˆm) of the reservoir [44]:
HD(t) = i
(√
κaˆ†ξˆc(t) +
√
γmbˆ
†ξˆm(t)
)
+H.c. (2)
The associated noises are assumed to be the white
ones satisfying 〈ξˆl(t)ξˆ†l (τ)〉R = (nl + 1)δ(t − τ) (l =
c,m) with the respective quanta number nl in thermal
equilibrium. Such approximation is valid for the me-
chanical reservoir given the quality factor ωm/γm ≫
1 [11]. Because the system-reservoir coupling in (2)
takes its form in the interaction picture with respect
to the total self oscillation Hamiltonian of both sys-
tem and reservoir, it should be added into the time-
ordered exponential T exp{−i ∫ t0 dτHS(τ)} in the in-
teraction picture to construct the evolution operator
US(t, 0) = T e−i
∫
t
0
dτ
(
HS(τ)+HD(τ)
)
for the combination
of the OMS and its associated reservoirs (its momentary
action US(t+dt, t) gives the exact Langevin equation and
master equation of the OMS) [44].
The development of the entanglement between the cav-
ity and mechanical mode is closely connected to the dy-
namical evolution of these modes. Their evolution un-
der US(t, 0) involves three non-commutative processes—
cavity drive, optomechanical coupling and dissipation, so
it is impossible to solve the system dynamics directly
from this joint evolution operator. Our method to re-
duce the intricacy is factorizing it into numerous ones
corresponding to relatively tractable processes [29]. Here
we apply the technique to find a factorization that is suit-
able to study the dynamically evolving Gaussian states.
Our factorization is obtained as
US(t, 0) = UE(t, 0)UOM (t, 0)UK(t, 0)UD(t, 0),
where UD(t, 0) = T exp{−i
∫ t
0 dτHD(τ)} (see Appendix
A for details). The effective Hamiltonian in the first oper-
ator UE(t, 0) = T exp{−i
∫ t
0
dτH˜E(τ)} for the pure cav-
ity drive process takes the form
H˜E(τ) = iE(τ)e
i∆0τ Aˆ†(t, τ) +H.c,
with Aˆ(t, τ) = e−
κ
2
(t−τ)aˆ + nˆc(t, τ) being the
sum of the decayed cavity mode operator and
the colored cavity noise operator nˆc(t, τ) =√
κ
∫ t
τ
dτ ′e−κ(τ
′−τ)/2ξˆc(τ ′). The third evolution op-
erator is UK(t, 0) = T exp{ig
∫ t
0
dτKˆm(t, τ)Aˆ
†Aˆ(t, τ)},
where Kˆm(t, τ) = cos(ωmτ)Xˆm(t, τ) + sin(ωmτ)Pˆm(t, τ)
is a linear combination of the mechanical opera-
tors Xˆm(t, τ) = Bˆ(t, τ) + Bˆ
†(t, τ) and Pˆm(t, τ) =
−iBˆ(t, τ)+iBˆ†(t, τ) from Bˆ(t, τ) = e−γm2 (t−τ)bˆ+nˆm(t, τ)
and nˆm(t, τ) =
√
γm
∫ t
τ dτ
′e−γm(τ
′−τ)/2ξˆm(τ ′). To
the first order of the optomechanical coupling con-
stant g, the effective Hamiltonian in the process
UOM (t, 0) = T exp{−i
∫ t
0
dτH˜OM (τ)} of optomechanical
coupling is
H˜OM (τ) = gKˆm(t, τ)
(
Aˆ†(t, τ)D(τ) + Aˆ(t, τ)D∗(τ)
+ |D(τ)|2), (3)
where
D(τ) = e−
κ
2
(t−τ)
∫ τ
0
dt′E(t′)ei∆0t
′
e−
κ
2
(t−t′)
+
∫ τ
0
dt′[nˆc(t, t′), nˆ†c(t, τ)]E(t
′)ei∆0t
′
. (4)
Under the effective Hamiltonian in (3), the OMS evolves
according to the following differential equations: which
evolves the cavity and mechanical mode in terms of the
following differential equations:
−i daˆ
dτ
= ge−(κ+γm)(t−τ)/2D(τ)(e−iωmτ bˆ + eiωmτ bˆ†)
+ ge−κ(t−τ)/2D(τ) cos(ωmτ)(nˆm(t, τ) + nˆ†m(t, τ))
+ ge−κ(t−τ)/2D(τ) sin(ωmτ)(inˆm(t, τ)− inˆ†m(t, τ)),
−i dbˆ
dτ
= ge−(κ+γm)(t−τ)/2eiωmτ (D∗(τ)aˆ+D(τ)aˆ†)
+ geiωmτ−
γm
2
(t−τ)(nˆc(t, τ)D∗(τ) + nˆ†c(t, τ)D(τ))
+ geiωmτ−
γm
2
(t−τ)|D(τ)|2. (5)
The aˆ (bˆ) terms on the right side of (5) are due to the
beam-splitter (BS) action in the quadratic Hamiltonian
(3), and the aˆ† (bˆ†) terms reflect the coexisting squeezing
(SQ) action.
3Next we start with an initial OMS state ρ(0) in thermal
equilibrium with the environment, i.e. ρ(0) is a Gaussian
state as the product of a cavity vacuum and a finite tem-
perature mechanical thermal state. This initial state be-
comes entangled under optomechanical coupling. Its evo-
lution can be studied by successively acting each factor
in the factorized form UE(t, 0)UOM (t, 0)UK(t, 0)UD(t, 0)
of the joint evolution operator US(t, 0) on the total initial
state χ(0) = ρ(0)R(0), in which R(0) denotes the reser-
voir state in thermal equilibrium with ρ(0). One has
UD(t, 0)χ(0)U
†
D(t, 0) = χ(0) since, under thermal equi-
librium, the system-reservoir coupling in (2) does not
change the state ρ(0) (see Appendix B for details), and
UK(t, 0) also keeps χ(0) invariant because Aˆ(t, τ)|0〉C = 0
for the combined initial vacuum state |0〉C of the cavity
and its zero temperature reservoir. Thus the expectation
values of system operators Oˆ(t) reduce to the following
trace over system and reservoir degrees of freedom (see
Appendix B for details):
〈Oˆ(t)〉 = TrS⊗R
{
U †OM (t, 0)U
†
E(t, 0)OˆUE(t, 0)UOM (t, 0)
× χ(0)}. (6)
In weak coupling regime where the Hamiltonian of
UOM (t, 0) takes the form in (3), the evolved OMS
is preserved to be in Gaussian state, because the
state TrR{UE(t, 0)UOM (t, 0)χ(0)U †OM (t, 0)U †E(t, 0)} of
the evolved OMS is only determined by the quadratic
Hamiltonian in UOM (t, 0) and the displacement Hamil-
tonian in UE(t, 0).
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FIG. 2: (color online) Evolution of entanglement for blue de-
tuned CW drives. (a) is obtained with the drive intensity
E/κ = 3 × 105 while (b) is for a drive of E/κ = 2 × 106.
The long dashed (red) curve is for ∆0 = −0.5ωm, the short
dashed (blue) curve for ∆0 = −ωm, the thin solid (black)
curve for ∆0 = −1.5ωm, and the thick solid (purple) curve for
∆0 = −2ωm. Here g/κ = 10−6, ωm/κ = 2.5, ωm/γm = 107,
and T = 0. The entanglement measure by EN for these
blue detuned drives tends to a stable value with time. The
maximum entanglement is reached at the SQ resonant point
∆0 = −ωm. For the stronger drive, the entanglement at the
smaller detuning ∆0 = −0.5ωm dies a sudden death after a
finite time period.
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FIG. 3: (color online) Evolution of entanglement for red de-
tuned CW drives. (a) is obtained with the same system pa-
rameters as in Fig. 2(a), while (b) is found with the same
parameters as in Fig. 2(b). The thin solid (blue) curve is for
∆0 = 0.5ωm, and the long dashed (purple) curve for ∆0 = ωm,
the solid (red) curve for ∆0 = 1.5ωm, and the short dashed
(black) curve for ∆0 = 2ωm. The entanglement dies earlier
for a detuning closer to the BS resonant point ∆0 = ωm or
the stronger drive. Given the stronger drive in (b), the entan-
glement at ∆0 = 1.5ωm exhibits sudden death and revival.
III. OMS ENTANGLEMENT
A. Entanglement evolution under CW drive
The entanglement of the evolved Gaussian states can
be quantified by the logarithmic negativity EN [45]. One
should consider the correlation matrix (CM) with the
elements
Vˆij(t) = 1/2〈uˆiuˆj + uˆj uˆi〉 − 〈uˆi〉〈uˆj〉,
where ~ˆu = (xˆc(t), pˆc(t), xˆm(t), pˆm(t))
T , for the calcu-
lation of EN (see Appendix C for details). Each en-
try of the CM can be calculated following (6) with
Oˆ = uˆiuˆj + uˆj uˆi, etc.
We first illustrate the real-time evolution of OMS en-
tanglement under the CW drives of different detuning.
The first example we present in Fig. 2 is the entangle-
ment evolution under blue detuned CW drives. The en-
tanglement values measured by EN become stable with
time and, at the SQ resonant point ∆0 = −ωm, the
steady entanglement reaches the maximum. Unlike the
stationary entanglement between the fluctuations δaˆ and
δbˆ under a SQ resonant drive, which is upper bounded
by EN = ln 2 ≈ 0.693 due to the limitation of classi-
cal steady state conditions (see Eq. (7) below) [14], the
evolved entanglement between the cavity mode aˆ and me-
chanical mode bˆ themselves can be well beyond this limit
(see Fig. 2(b)). Compared with the blue detuned regime,
the entanglement of the red detuned regime shown in Fig.
3 is lower. This reflects the difference of the BS action
from the SQ action in creating the optomechanical en-
tanglement.
B. Quantum noise effect
The exact degree of entanglement is determined by
two competitive factors—the direct BS and SQ action
4on the initial quantum state ρ(0) of OMS, and the noise
drives depending on the drive detuning and intensity.
Given a CW drive, the noise drive terms in (5) are
magnified by the functions with the modulo |D(τ)| =
E/
√
0.25κ2 +∆20, indicating their more significant effect
at a small detuning ∆0 or with a stronger drive intensity
E. In what follows, we illustrate the noise effect as a
function of time and of different system parameters.
First, the entanglement for some values of detuning in
Figs. 2 and 3 will die at a finite time. The phenomenon
that entanglement is killed by noise in this way is known
as entanglement sudden death (ESD) [46, 47]. The sys-
tem evolution according to (5) provides a model in which
the ESD for the continuous variable states is caused by
the colored noises (nˆc(t, τ), nˆm(t, τ) and their conjugates
on the right side of (5)) rather than the white noises in
many other examples (see the references in [47]). In this
situation the noise effect can be so significant that this
type of ESD happens while the optomechanical coupling
exists all the time. Interestingly, the entanglement un-
der some drives, e.g. ∆0 = 1.5ωm in Fig. 3(b), can also
revive from time to time during evolution.
Fig. 4 shows the magnitude of the noise correction
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FIG. 4: (color online) (a)-(b): Entanglement versus detun-
ing. (a) is under the same conditions as in Figs. 2(a) and
3(a), and (b) corresponds to the situation in Figs. 2(b) and
3(b). The long dashed (blue) curves show the entanglement
obtained at zero temperature without the noise drive terms in
(5), while the thick solid (red) curves include the effect of the
noise drive terms at zero temperature. In (a) the zero temper-
ature entanglement is eliminated around ∆0 = ωm. The thin
solid (purple) curves in (a) and (b) give the exact degree of
entanglement at the temperature corresponding to nm = 10
4.
(c)-(d): Entanglement versus cavity drive intensity. In (c),
the long-dashed curve (blue) stands for ∆0 = −ωm, and the
short-dashed curve (red) for ∆0 = −0.5ωm, and the solid
(purple) curve for ∆0 = −2ωm. In (d), the long-dashed curve
(green) stand for ∆0 = 0, the short-dashed (purple) curve
for ∆0 = ωm, and the solid (blue) curve for ∆0 = 0.5ωm.
Except for the thin solid (purple) curves about finite temper-
ature entanglement in (a) and (b), all plots are found for the
initial temperature T = 0 at the moment κt = 15, when the
concerned entanglement has stabilized.
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FIG. 5: (color online) Evolution of entanglement under the
pulsed drive E(t) = Ee−∆ω
2
t
2
with ∆ω = ωm. (a) Red de-
tuned central frequencies. The long dashed (purple) curve
is for ∆0 = ωm of the central frequency, the solid (red)
curve for ∆0 = 1.5ωm, and the short dashed (black) curve for
∆0 = 2ωm. (b) Blue detuned and resonant central frequen-
cies. The long dashed (red) curve is for ∆0 = 0, the short
dashed (blue) curve for ∆0 = −ωm, the thin solid (black)
curve for ∆0 = −1.5ωm, and the thick solid (purple) curve
for ∆0 = −2ωm. The system parameters are g/κ = 10−6,
E/κ = 2 × 106, ωm/κ = 2.5, ωm/γm = 107, and T = 0. The
entanglement measured by EN goes down at almost same
pace for the drives of different central frequency detuning.
to optomechanical entanglement in the system parame-
ter space. Given the same drive intensities, the relations
between the entanglement and drive detuning after suffi-
ciently long interaction time are shown in Figs.4(a)-4(b).
With the increase of cavity drive intensity, the entangle-
ment in a more extended detuning range around the BS
resonant point ∆0 = ωm will be eliminated by the quan-
tum noises. The overall tendency of the entanglement
change with the drive intensity for various drive detuning
values is described in Figs. 4(c)-4(d). The plots in these
figures show a competition between the effective coupling
gD(t) and the noise drives [see the respective terms in (5)]
in affecting the degree of entanglement. The entangle-
ment reaches the maximum at a certain drive intensity E
determined by the system parameters, instead of mono-
tonically increasing with E which enhances the effective
optomechanical coupling. Despite the existence of the
noises, the entanglement in the blue detuned regime can
be high. The SQ generated entanglement is also rather
robust against temperature; see the comparison in Figs.
4(a) and 4(b).
C. Entanglement evolution under pulsed drive
Finally, in Fig. 5, we provide an example of entan-
glement evolution for OMS driven by a pulse. Pulsed
optomechanics is a newly developed research field [23,
48, 49]. Here we use Gaussian pulses with the width ωm.
Due to the contribution from a spectrum of frequencies,
the entanglement for the drives of different central fre-
quency detuning evolves similarly. Another noticeable
feature is that, given the same system parameters, the
entanglement generated under the pulse could last even
longer than that of the CW ones. This can be explained
by the contribution from the frequency components out-
5side the regime, in which the noise effect quickly destroys
the corresponding entanglement. Entanglement under
pulsed drive was also discussed in the approach based on
classical mean motion background [23]. Like in the CW
cases, our results independent of classical background are
consequent upon the dynamics involving a significantly
different quantum noise effect.
IV. DIFFERENCE FROM ENTANGLEMENT
OF FLUCTUATIONS
We are concerned with the regime of strong drive
(E/κ≫ 1) and weak optomechanical coupling (g/κ≪ 1)
in the study of Gaussian state entanglement for OMS.
Starting from our initial OMS quantum state (the cavity
in a vacuum state and the mechanical oscillator in a ther-
mal state), such entanglement for the evolved quantum
state develops as the optomechanical coupling in Fig. 1
starts with the cavity field being built up by an exter-
nal drive E(t). Meanwhile, the generated entanglement
is also weakened or even destroyed by the noise drives.
The entanglement in the same regime was well studied in
the fluctuation expansion approach [11–19]. The steady
entanglement of the cavity and mechanical fluctuation is
based on the classical steady state of OMS, the existence
of which is determined by Routh-Hurwitz criterion [50]
in terms of the following inequalities [11]:
s1 = 2γmκ{[κ2 + (ωm −∆)2][κ2 + (ωm +∆)2] + γm[(γm + 2κ)
(
κ2 +∆2
)
+ 2κω2m]}+∆ωmG2(γm + 2κ)2 > 0,
s2 = ωm
(
κ2 +∆2
)−G2∆ > 0, (7)
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FIG. 6: (color online) The workable regime for the stan-
dard fluctuation expansion approach. The scale represents
the value of s1 defined in (7). The second condition s2 > 0 is
always satisfied in the concerned regime. The fluctuation ex-
pansion approach works in the regime where the scale takes
the positive value, which is separated from the other part
of the whole parameter space by the boundary of the dashed
line. On the other hand, the approach presented in this paper
is valid at any point of the parameter space.
with G =
√
2gαs and ∆ = ∆0 − g2|αs|2/ωm expressed
in terms of the cavity field amplitude αs = E/(κ + i∆)
as the stationary solution to the Langevin equation. The
workable regime for the fluctuation expansion approach
is depicted with these conditions in Fig. 6. Both of the
approaches work in the red detuned regime. Fig. 7, how-
ever, shows that even in this common regime the entan-
glement between the fluctuations can be very different
from the OMS entanglement discussed in this paper.
As we mentioned at the beginning, the fluctuation ex-
pansion approach works with approximating the OMS
operators with the sum of their mean values following
classical dynamics without noise drives and the fluctu-
ations evolving according to quantum mechanics. Then
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FIG. 7: Comparison of entanglement obtained in our ap-
proach (solid curve) and in the fluctuation expansion ap-
proach of [11] (dashed curve). (a) is obtained with the
drive intensity E/κ = 3 × 105 while (b) is for a drive of
E/κ = 2 × 106. The system parameters are g/κ = 10−6,
ωm/κ = 2.5, ωm/γm = 10
7, and T = 0. The entanglement
represented by the solid curves is obtained at κt = 15.
the system operators in the system-reservoir coupling of
(2) are replaced by their fluctuations, so that only delta-
function correlated Langevin noises ξˆc and ξˆm indepen-
dent of cavity drive detuning and intensity are relevant to
the linearized dynamics about the fluctuations and their
entanglement. Instead, in our fully quantum approach,
the linearized dynamics for the system operators in weak
coupling regime involves the magnified noise drives due
to the cubic term −g(bˆ + bˆ†)aˆ†aˆ of the original OMS
Hamiltonian; see Eq. (5). The difference of the quantum
noise effects is expected to be experimentally tested by
the measurement of cavity fluctuation amplitude. As il-
lustrated in Fig. 8, the cavity fluctuations found in the
different approaches drastically deviate with drive inten-
sity. This phenomenon also indicates the distinct quan-
tum states due to the different linearized dynamics. Our
concerned OMS quantum states and those of the fluctu-
ations around classical steady states can be seen to be
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FIG. 8: (color online) Comparison of the cavity fluctuation
〈δaˆ†δaˆ〉 = 〈(aˆ† − 〈aˆ†〉)(aˆ − 〈aˆ〉)〉 = 〈aˆ†aˆ〉 − 〈aˆ†〉〈aˆ〉 at zero
temperature obtained in the approach of the present work
(solid curves) and in the fluctuation expansion approach of
Ref. [11] (dashed curves). The plots for our approach are
obtained at the time κt = 15. The thick solid (red) and long
dashed curves compare the fluctuation at the detuning ∆0 =
ωm, while the thin solid (black) and short dashed compare
that at ∆0 = 0.5ωm.
different from their CMs, which are in one-to-one corre-
spondence to the respective Gaussian states. The entan-
glement for the evolved states of fully quantum OMS can
thus significantly differ from that previously considered
in the fluctuation expansion approach.
V. CONCLUSION
In conclusion, we have studied the dynamically gener-
ated entanglement of quantum OMSs that are initially in
thermal equilibrium with their environment. The mean-
ing of our research manifests in two aspects. First, one
sees that high and robust entanglement for fully quan-
tum OMSs can be generated with blue detuned drive. In
contrast, the previous fluctuation expansion approxima-
tion working under the classical steady state condition
specifies an upper bound for the entanglement in blue
detuned regime and only focuses on the steady entangle-
ment under red detuned drives. This finding involving
the different implementations is important to the related
experimental studies on OMSs entering quantum regime.
Second, our fully quantum dynamical approach shows
that the noise effect on a quantum OMS drastically dif-
fers from that affecting the cavity and mechanical fluc-
tuation considered in the previous approach, though the
system dynamics is linearized for weak optomechanical
coupling in both approaches. In the regime where the
magnified noise effect is significant, complicated evolu-
tion patterns such as entanglement sudden death and re-
vival exist for our concerned macroscopic entanglement.
Such non-trivial quantum noise effect can also exist in
other quantum nonlinear systems.
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Appendix A: Factorization of Joint System-Reservoir Evolution Operator
Our discussion is based on the two following factorizations for a unitary evolution operator U(t, 0) =
T exp{−i ∫ t
0
dτ
(
H1(τ) +H2(τ)
)} involving two processes described by H1(t) and H2(t), respectively:
T e−i
∫
t
0
dτ(H1(τ)+H2(τ)) = T e−i
∫
t
0
dτH1(τ) T e−i
∫
t
0
dτV †
1
(τ,0)H2(τ)V1(τ,0), (A-1)
and
T e−i
∫
t
0
dτ(H1(τ)+H2(τ)) = T e−i
∫
t
0
dτV2(t,τ)H1(τ)V
†
2
(t,τ) T e−i
∫
t
0
dτH2(τ), (A-2)
where Vk(t, τ) = T exp{−i
∫ t
τ
dτ ′Hk(τ ′)} for k = 1, 2. The operator U(t, 0) is the solution to the differential equations
dU/dt = −i(H1(t) + H2(t))Uˆ(t), while V1(t, 0) = T exp{−i ∫ t0 dτH1(τ)} is the solution to dV1/dt = −iH1(t)V1(t).
The initial condition for the differential equations is U(0, 0) = V1(0, 0) = I, the identity operator. The differential of
W (t, 0) = V †1 (t, 0)U(t, 0) with respect to t gives
dW
dt
= −V †1
dV1
dt
V †1 U + V
†
1
dU
dt
= iV †1H1V1Vˆ
†
1 Uˆ − iV †1 (H1 +H2)Uˆ = −iV †1H2V1W. (A-3)
One has the solution to the above differential equation as W (t, 0) = T exp{−i ∫ t0 dτV †1 (τ, 0)H2(τ)V1(τ, 0)}, thus
proving the factorization in (A-1). By exchanging H1(t) and H2(t) in (A-1), one has the factorization of the operator
7U(t, 0) as
V2(t, 0) T e−i
∫
t
0
dτV †
2
(τ,0)H1(τ)V2(τ,0) = V2(t, 0) T e−i
∫
t
0
dτV †
2
(τ,0)H1(τ)V2(τ,0)V †2 (t, 0)V2(t, 0).
Because V2(t, 0) is a unitary operation, one can rewrite the right side of the above as T e−i
∫
t
0
dτV2(t,τ)H1(τ)V
†
2
(t,τ)
V2(t, 0),
giving the form in Eq.(A-2). Here we have used the relation V2(t, 0)V
†
2 (τ, 0) = V2(t, τ).
We first apply Eq. (A-2) to factorize UD(t, 0) = T exp{−i
∫ t
0 dτHD(τ)} out of the system-reservoir evolution
operator US(t, 0) = T exp{−i
∫ t
0 dτ
(
HS(τ) +HD(τ)
)}, where HS(τ) and HD(τ) are given in Eqs. (1) and (2) of the
main text, respectively. In this way one has
US(t, 0) = T exp{−i
∫ t
0
dτUD(t, τ)HS(τ)U
†
D(t, τ)} T exp{−i
∫ t
0
dτHD(τ)}. (A-4)
The cavity mode operator aˆ in HS(τ) is transformed to
UD(t, τ)aˆU
†
D(t, τ) = e
−κ
2
(t−τ)aˆ+ nˆc(t, τ) ≡ Aˆ(t, τ) (A-5)
in UD(t, τ)HS(τ)U
†
D(t, τ), and the mechanical mode operator is transformed to
UD(t, τ)bˆU
†
D(t, τ) = e
− γm
2
(t−τ)bˆ+ nˆm(t, τ) ≡ Bˆ(t, τ), (A-6)
where nˆc(t, τ) =
√
κ
∫ t
τ dτ
′e−κ(τ
′−τ)/2ξˆc(τ ′) and nˆm(t, τ) =
√
γm
∫ t
τ dτ
′e−κ(τ
′−τ)/2ξˆm(τ ′) [29]. The transformed oper-
ators satisfy the equal-time commutation relation [Aˆ(t, τ), Aˆ†(t, τ)] = [Bˆ(t, τ), Bˆ†(t, τ)] = 1. Then the Hamiltonian
in the first time-ordered exponential of (A-4) becomes
UD(t, τ)HS(τ)U
†
D(t, τ) =
(
iE(t)Aˆ†(t, τ)ei∆0t − iE∗(t)Aˆ(t, τ)e−i∆0t)− gKˆm(t, τ)Aˆ†Aˆ(t, τ), (A-7)
where
Kˆm(t, τ) = cos(ωmτ)
(
Bˆm(t, τ) + Bˆ
†
m(t, τ)
)
+ sin(ωmτ)
( − iBˆm(t, τ) + iBˆ†m(t, τ)).
By using (A-1) we factorize out the drive Hamiltonian in (A-7) as follows:
T exp{−i
∫ t
0
dτUD(t, τ)HS(τ)U
†
D(t, τ)}
= T exp{− i
∫ t
0
dτ
(
iE(t)Aˆ†(t, τ)ei∆0t − iE∗(t)Aˆ(t, τ)e−i∆0t) T exp{ig
∫ t
0
dτU †E(τ, 0)Kˆm(t, τ)Aˆ
†Aˆ(t, τ)UE(τ, 0)
}
= T exp{− i
∫ t
0
dτ
(
iE(t)Aˆ†(t, τ)ei∆0t − iE∗(t)Aˆ(t, τ)e−i∆0t)}
× T exp{ig
∫ t
0
dτKˆm(t, τ)
(
Aˆ†(t, τ) +D∗(τ)
)(
Aˆ(t, τ) +D(τ)
)}
, (A-8)
where UE(τ, 0) = T exp{
∫ τ
0 dt
′E(t′)ei∆0t
′
Aˆ†(t, t′)−H.c.}. In (A-8) the effect of UE(τ, 0) on the cavity operator Aˆ(t, τ)
is the displacement
U †E(τ, 0)Aˆ(t, τ)UE(τ, 0) = Aˆ(t, τ) + e
−κ
2
(t−τ)
∫ τ
0
dt′E(t′)ei∆0t
′
e−
κ
2
(t−t′) +
∫ τ
0
dt′Γc(t′, τ)E(t′)ei∆0t
′
≡ Aˆ(t, τ) +D(τ), (A-9)
where
Γc(t
′, τ) = [nˆc(t, t′), nˆ†c(t, τ)] = e
−κ(τ−t′)/2 − e−κ(t−τ)/2e−κ(t−t′)/2.
The next step is to factorize the second time-ordered exponential in (A-8) as follows:
T exp{ig
∫ t
0
dτKˆm(t, τ)
(
Aˆ†(t, τ) +D∗(τ)
)(
Aˆ(t, τ) +D(τ)
)}
= T exp{igUK(t, τ)(Kˆm(t, τ)(Aˆ†(t, τ)D(τ) + Aˆ(t, τ)D∗(τ) + |D(τ)|2)U †K(t, τ)}
× T exp{ig
∫ t
0
dτKˆm(t, τ)Aˆ
†Aˆ(t, τ)}, (A-10)
8where UK(t, τ) = T exp{ig
∫ t
τ dt
′Kˆm(t, t′)Aˆ†Aˆ(t, t′)}. To the first order of g, the operation UK(t, τ) in the first
time-ordered exponential of the above equation transforms the mechanical operator as
UK(t, τ)Kˆm(t, τ)U
†
K(t, τ) = Kˆm(t, τ)− 2g
∫ t
τ
dτ ′e−γm(τ
′−τ)/2 sinωm(τ − τ ′)Aˆ†(t, τ ′)Aˆ(t, τ ′) + · · ·
(A-11)
and the cavity operator Aˆ(t, τ) as
UK(t, τ)Aˆ(t, τ)U
†
K(t, τ) = Aˆ(t, τ) − ig
∫ t
τ
dt′e−κ(t
′−τ)/2Kˆm(t, t′)Aˆ(t, t′) + · · · (A-12)
The neglected higher order terms in the above expansions are successively lowered by a small factor in the order of
g(t−τ), because all terms in the expansions only contain the operators Kˆm and Aˆ not magnified by the drive intensity
E(t), so the dominant first order contribution leads to the effective optomechanical coupling Hamiltonian
H˜OM (τ) = −gKˆm(t, τ)
(
D∗(τ)Aˆ(t, τ) +D(τ)Aˆ†(t, τ) + |D(τ)|2) (A-13)
for the first time-ordered exponential in (A-10), which is defined as UOM (t, 0) = T exp{−i
∫ t
0
dτH˜OM (τ)}. Now we
have exactly factorized the joint evolution operator as
US(t, 0) = UE(t, 0)UOM (t, 0)UK(t, 0)UD(t, 0). (A-14)
Appendix B: Expectation Value of System Operators
We apply the factorization of the joint evolution operator in (A-14) to find the expectation value of a system
operator Oˆ:
TrS{Oˆρ(t)} = TrS
{
Oˆ TrR{UE(t, 0)UOM (t, 0)UK(t, 0)UD(t, 0)ρ(0)R(0)U †D(t, 0)U †K(t, 0)U †OM (t, 0)U †E(t, 0)}
}
= TrS⊗R
{
U †OM (t, 0)U
†
E(t, 0)OˆUE(t, 0)UOM (t, 0)
(
UK(t, 0)UD(t, 0)ρ(0)R(0)U
†
D(t, 0)U
†
K(t, 0)
)}
. (B-1)
The action UK(t, 0)UD(t, 0)ρ(0)R(0)U
†
D(t, 0)U
†
K(t, 0) is on the the product of the initial system state
ρ(0) = |0〉c〈0| ⊗
∞∑
n=0
nnm
(1 + nm)n+1
|n〉m〈n| ≡ |0〉c〈0| ⊗ ρm (B-2)
and the associate reservoir state R(0) in thermal equilibrium with ρ(0), where nm is the thermal phonon number at
the temperature T .
We first look at UD(t, 0)χ(0)U
†
D(t, 0), where χ(0) = ρ(0)R(0) and
UD(t, 0) = T exp
{∫ t
0
dτ
(√
γmbˆ
†ξˆm(τ) −√γmbˆξˆ†m(τ)
)} T exp{
∫ t
0
dτ
(√
κaˆ†ξˆc(τ) −
√
κaˆξˆ†c(τ)
)}
.
The second operator of the cavity and vacuum reservoir coupling does not change χ(0) because
(√
κaˆ†ξˆc(τ) −
√
κaˆξˆ†c(τ)
)|0〉C = 0 (B-3)
for the product state |0〉C of the cavity vacuum and its associate vacuum reservoir. If the action of the first operator
involving mechanical mode and mechanical reservoir coupling changes the joint initial state χ(0), the system state
ρ˜(t) = TrR
{T e
∫
t
0
dτ{√γmbˆ†ξˆm(τ)−√γmbˆξˆ†m(τ)}χ(0)T e−
∫
t
0
dτ{√γmbˆ†ξˆm(τ)−√γmbˆξˆ†m(τ)}}
evolved under such coupling will be different from ρ(0). The system quantum state ρ˜(t) is the solution to the master
equation
˙˜ρ = γm(nth + 1)
{
bˆρ˜(t)bˆ† − 1
2
ρ˜(t)bˆ†bˆ− 1
2
bˆ†bˆρ˜(t)
}
+ γmnth
{
bˆ†ρ˜(t)bˆ− 1
2
ρ˜(t)bˆbˆ† − 1
2
bˆbˆ†ρ˜(t)
}
(B-4)
9in Lindblad form [44]. The initial state for the above master equation is ρ˜(0) = ρm, and nth is the thermal quantum
number of the reservoir. Here we assume the possible non-equilibrium between system and reservoir, so that nth could
be different from nm (in the main text we only consider the situation of thermal equilibrium). This master equation
can be exactly solved by the super-operator technique [51] as
ρ˜(t) =
∞∑
n=0
(
nth + (nm − nth)e−γmt/2
)n
(
1 + nth + (nm − nth)e−γmt/2
)n+1 |n〉m〈n|. (B-5)
If the system and reservoir is in thermal equilibrium, i.e. nth = nm, the above state will be ρm constantly with time.
Under this condition, therefore, the operation UD(t, 0) keeps the joint initial state χ(0) invariant. Moreover, similar
to (B-3), one has UK(t, 0)χ(0)U
†
K(t, 0) = χ(0). Thus the system operator expectation value in (B-1) will reduce to
the form in (7) of the main text.
Appendix C: Calculation of Entanglement Measured by Logarithmic Negativity
The entanglement of bipartite Gaussian states is quantified via the correlation matrix
Vˆ =
(
Aˆ Cˆ
CˆT Bˆ
)
. (C-1)
with the elements Vˆij(t) = 0.5〈uˆiuˆj + uˆj uˆi〉 − 〈uˆi〉〈uˆj〉, where ~ˆu = (xˆc(t), pˆc(t), xˆm(t), pˆm(t))T . The logarithmic
negativity as a measure for the entanglement is given as [45, 52]
EN = max[0,− ln 2η−], (C-2)
where
η− =
1√
2
√
Σ−
√
Σ2 − detVˆ (C-3)
and
Σ = detAˆ+ detBˆ − 2detCˆ. (C-4)
UE(t, 0) in (B-1) does not contribute to the correlation matrix elements. Given the quadratic Hamiltonian HOM in
(6) of the main text, the operation UOM transforms the vector (xˆc(t), pˆc(t), xˆm(t), pˆm(t))
T in terms of the following
linear differential equation:
d
dτ


xˆc
pˆc
xˆm
pˆm

 =


0 0 l3(t, τ) l4(t, τ)
0 0 l1(t, τ) l2(t, τ)
−l2(t, τ) l4(t, τ) 0 0
l1(t, τ) −l3(t, τ) 0 0




xˆc
pˆc
xˆm
pˆm

+


fˆ1
fˆ2
fˆ3
fˆ4


≡ d
dτ
~ˆv = Mˆ(t, τ)~ˆv + ~ˆf(t, τ), (C-5)
where
l1(t, τ) = ge
−κ(t−τ)/2−γm(t−τ)/2(D(τ) +D∗(τ)) cos(ωmτ),
l2(t, τ) = ge
−κ(t−τ)/2−γm(t−τ)/2(D(τ) +D∗(τ)) sin(ωmτ),
l3(t, τ) = ige
−κ(t−τ)/2−γm(t−τ)/2(D(τ) −D∗(τ)) cos(ωmτ),
l4(t, τ) = ige
−κ(t−τ)/2−γm(t−τ)/2(D(τ) −D∗(τ)) sin(ωmτ), (C-6)
and
fˆ1(t, τ) =
i√
2
g e−κ(t−τ)/2
(
D(τ) −D∗(τ)){ cos(ωmτ)(nˆm(t, τ) + nˆ†m(t, τ)) − sin(ωmτ)(inˆm(t, τ) − inˆ†m(t, τ))},
fˆ2(t, τ) =
1√
2
ge−κ(t−τ)/2
(
D(τ) +D∗(τ)
){
cos(ωmτ)
(
nˆm(t, τ) + nˆ
†
m(t, τ)
)− sin(ωmτ)(inˆm(t, τ)− inˆ†m(t, τ))},
fˆ3(t, τ) = −g
(
nˆc(t, τ)D
∗(τ) + nˆ†c(t, τ)D(τ) + |D(τ)|2
)
e−γm(t−τ)/2 sin(ωmτ),
fˆ4(t, τ) = g
(
nˆc(t, τ)D
∗(τ) + nˆ†c(t, τ)D(τ) + |D(τ)|2
)
e−γm(t−τ)/2 cos(ωmτ). (C-7)
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FIG. C-1: Entanglement evolution without quantum noise effect. (a) Blue detuned regime. The long dashed (red) curve is
for ∆0 = −0.5ωm, the short dashed (blue) curve for ∆0 = −ωm, the thin solid (black) curve for ∆0 = −1.5ωm, and the thick
solid (purple) curve for ∆0 = −2ωm. (b) Red detuned regime. The thin solid (blue) curve is for ∆0 = 0.5ωm, and the long
dashed (purple) curve for ∆0 = ωm, the solid (red) curve for ∆0 = 1.5ωm, and the short dashed (black) curve for ∆0 = 2ωm.
The system parameters are g/κ = 10−6, E/κ = 2 × 106, ωm/κ = 2.5, ωm/γm = 107, and T = 0. The plots in (a) and (b)
correspond to those in Fig. 1(b) and Fig. 2(b) of the main text, respectively. Here the entanglement without the effect of
quantum noises becomes steady with time, while that under quantum noise effect shown in the main text could be destroyed
after a finite period of time.
In the above the terms containing nˆc, nˆm and their conjugates contribute to the correlation matrix (C-1), and the
pure drive terms proportional to |D(τ)|2 do not contribute to Vˆ , but they affect the system mean motion 〈vˆi(t)〉. The
solution to (C-5) is
~ˆv(t) = T e
∫
t
0
dτMˆ(t,τ)
~ˆv(0) + T e
∫
t
0
dτMˆ(t,τ)
∫ t
0
dτ(T e
∫
τ
0
dτ ′Mˆ(t,τ ′)
)−1 ~ˆf(t, τ). (C-8)
In the general situation the time-ordered exponentials in the solution (C-8) should be expanded to infinite series
(Magnus expansion [53]) for numerical calculations. Given a cavity drive with its profile |E(t)| ≤ C (C is a constant)
such that the function D(t) defined in (A-9) is bounded, the decay factor e−(κ+γm)(t−τ)/2 dominates the behavior of
the matrix Mˆ(t, τ), so one has the approximate commutator [Mˆ(t, τ1), Mˆ(t, τ2)] ≈ 0 in the concerned regimes in which
gE(t) is not very large. Then the time-ordered exponentials in the above solution can be replaced by the ordinary
exponentials to have a closed form of the solution to the differential equation (C-5) as
~ˆv(t) ≈ e
∫
t
0
dτMˆ(t,τ)
~ˆv(0) +
∫ t
0
e
∫
t
τ
dτ ′Mˆ(t,τ ′) ~ˆf(t, τ)dτ
=
(
cosh(
√
m(t, 0)
)
Iˆ +
sinh
(√
m(t, 0)
)
√
m(t, 0)
Kˆ(t, 0)
)
~ˆv(0)
+
∫ t
0
dτ
(
cosh(
√
m(t, τ )
)
Iˆ +
sinh
(√
m(t, τ)
)
√
m(t, τ)
Kˆ(t, τ)
)
~ˆf(t, τ). (C-9)
Here we have defined Kˆ(t, τ) =
∫ t
τ dτ
′Mˆ(t, τ ′), and the function m(t, τ) from the relation Kˆ2(t, τ) = m(t, τ)Iˆ is
m(t, τ) =
1
4
|
∫ t
τ
dτ ′
(
l1(t, τ
′) + il2(t, τ ′)− il3(t, τ ′) + l4(t, τ ′)
)|2 − 1
4
|
∫ t
τ
dτ ′
(
l1(t, τ
′)− il2(t, τ ′)− il3(t, τ ′)− l4(t, τ ′)
)|2.
(C-10)
With arbitrary system parameters, the first term in (C-8) from the initial value ~ˆv(0) of system operators contributes
to one part of the correlation matrix Vˆ1(t), where the average in the calculation of the matrix elements is taken with
respect to the initial system state ρ(0). This reflects the reliance of the system quantum state at the time t on
this initial state. Meanwhile, the second term of noise driving leads to another part of the correlation matrix Vˆ2(t),
where the average is over the reservoir state R(0). Summing up the two matrices gives the total correlation matrix
Vˆ (t) = Vˆ1(t) + Vˆ2(t). For a comparison with the entanglement evolution found in the main text, we give an example
of entanglement evolution solely determined by matrix Vˆ1(t) in Fig. (C-1). In the absence of quantum noise effect,
the entanglement measured by logarithmic negativity tends to stable value with time, and there does not exist the
phenomenon of entanglement sudden death in Fig. 1 and 2 of the main text.
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